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An Asymptotic Expansion for the First Derivative
of the Generalized Riemann Zeta Function

By E. Elizalde

Abstract. An asymptotic expansion for the partial derivative 3{(z, g)/9z of the generalized
Riemann zeta function {(z, q), for all negative integer values of z, is obtained.

The generalized Riemann zeta function {(z, q) is defined by

[= 9]

(1) ¢z,9)= Y (n+4q)7, Rez>1,q#0,-1,-2,....
n=0

For the particular values z = -m, m = 0, 1, 2,..., this function reduces to

@ t(-m.q) = - BnlD),

where B,(q) are the Bernoulli polynomials. The only derivatives of {(z,q) which
can be found in the usual tables are the following [5, pp. 22-25], [3, pp. 24-27], [4,
pp. 1072-1074)

aif(z,q) =-z{(z+1,9),
® ; 1
5:8(2.0)| _ =10gT(q) - 3 log2m).

There is a useful integral representation of {(z, ¢), valid for Req > 0 and z # 1,

__1_ -z ql—z o 2 2 -z/2 . -1 L dt
(4) $(z.9) =797+ 1+2f0 (g2 + 1?) sin|z tan pl | ez

z - r_1°

In what follows, we shall denote

(5) £(2.q) = 8(2.9),

and our purpose is to obtain an asymptotic expansion for {’(z,q) valid for all
negative integer values of z.
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From the integral representation (4), one immediately gets
1 1-=z

$'(z, q)—— q“logq— lgq-—q—
2 (z-1)°
(6) w2 (g2 + 12 "'/zcos[ztan‘l(i)]tan‘l(i) dt
/0 (g ) q q)e? -1
—fm(q2 + tz)_z/zsin[z tan‘l(i)]log(q2 + tz)—dt———,
0 q e —1
and putting z = -m, m=0,1,2,...,
1 1
(1) §'(-m,q)=-5q"logq + g™ ogg — ————4q™ + 1,(q),
where
t t dt
1,(q)= +12)"?cos| m tan™ tan‘l(—-)
PR "7 cos| mtan ! £ [ £] 2

o m/2 . t at
+ 2442 ’/zsm[mtan‘l(—)]lo 24—
fo (g% +1%) g ) [logla® + 1) —-—
In order to obtain an asymptotic expansion for I,(gq), we shall use a procedure
similar to the ordinary one derived from Watson’s lemma and Laplace’s method, i.e.,

replacement of tan™'(z/q) and log(g? + t?) in the integrand by their power series

expansion near ¢ = 0,
00 h 2h+1
we'( )= Zarenls)

)
2, 2\ _ (_1) z 2
log(g% + ¢ )—210gq+h§=1 2 (q) .

The proof that the procedure yields also an asymptotic expansion in our slightly
modified case (we have (e>™ — 1)7! instead of e 2™ in the integrand) is essentially
the same used for the derivation of the general methods that we have just mentioned
[6, pp. 71-72, 80-84], [1, pp. 261-265]. Moreover, an alternative procedure can be
employed which leads to exactly the same results that we are going to obtain, namely
integration by parts. Of course, this procedure is much more lengthy.

It is easy to see that Eq. (8) can be written in the form

- ®l oty _ 1 2, 2 L\m
(10) I,,,(q)-—2Re£) [tan (q) 2log(q + 1) |(q + it) r—
Substituting the expansions (9) and making an obvious change of variables, we get

L(g)=2 % Z( )(2111111 (m)ZZZZ(zh+k+1)!§(2h+k+2)

k=0 h=0
k even
m m—k
m\ .x+19" "logg
1 -2 Z P ———=L ki (k + 1)
(11) l\(‘=%(k) (zw)k+1

(_l)h_lik+l qm—k—Zh

h + k)X(2h + k + 1),

% he1 (2‘7T)2h+k+l
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where the following identity has been employed

1
(12) /0 - _d’ =T(2)¢(z), Rez> 1.
Using now
k+1(27T)2k
(13) $(2k) = (-1) 2(2k)!B2"’ k=1,2,3,...,
B, being the Bernoulli numbers B,, = B,,(0), we obtain
B
I = ( 2htk+2 -Qh+k—m+1)
»(a) kzo ,,ZO ) Qh+ )2h+k+2)7
k even
« (m By —(k—m)
(14 + X (%) ha s
k odd
_ f: i (m) Bopsksa g-@hrk=m
o VK 2h(2h + K+ 1) :
k odd

Finally, after some calculations, this equation can be brought to the form

1 = o
(15) 1,(q) =ﬁ(1 +mlogq)qg™ '+ Y a,,q @kmtD,
k=1

where the coefficients a,, are given by

2%?22[(2“1)108‘”2( )2k( 1,,):1] 2k <m -1,

sz+2 o~ (m (—1)
2k+2h20(h)2k—h+1’

(16) arp =
2k > m.

Summing up, we have found the following asymptotic expansion of {'(z, q), valid
for any negative integer value of z,

1 1 1
§'(-m,q) = q""logq — ———¢"*! - 7q™logq
, m+ 17 (m + 1)2 2
(17) : "
m o 2 om-1 -Q@k—m+1)
+ 139" logg + 39" + kgl a9 ,

with the a,, given by (16). As has already been pointed out, we have obtained the
same result (Egs. (17), (16)) by repeated partial integration of Eq. (8), but this
alternative procedure is much more involved and will not be described here.
It is worthwhile to write down the particular expansions that one gets from (17)
for the values m = 1 and m = 2. They are
$'(-1.q9) = 2q210gq 1(1 - 2qlogq + 14 12 logq + 12

(18) )
> Biisr

=k +2)(2k + 1)2kq
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and
, S SOV % S 1 1
) §(-2,9) =34’ logq — 59’ — 59" logqg + ¢qlogq + 154

o B
+2 2k+2 _(2/(_1).
El 2k + 2)(2k + 12k 2k - 1) 7

These asymptotic expansions turn out to be very useful in the effective Lagrangian
theory of quark confinement [2].

Acknowledgment. This investigation has been partially supported by CAICYT,
Project No. 0435. The suggestions of the referee concerning a preliminary version of
this paper are gratefully acknowledged.

Departamento de Fisica Teorica
Universidad de Barcelona
Diagonal 647

08028 Barcelona, Spain

1. C. M. BENDER & S. A. ORSZAG, Advanced Mathematical Methods for Scientists and Engineers,
McGraw-Hill, New York, 1978.

2. E. EL1zALDE & J. Soto, “{-regularized Lagrangians for massive quarks in constant background
mean-fields,” Ann. Physics, v. 162, 1985, pp. 192-211.

3. A. ERDELY1, Editor, Higher Transcendental Functions, Vol. I, McGraw-Hill, New York, 1953.

4. 1. S. GRADSHTEYN & 1. M. RYZHIK, Tables of Integrals, Series, and Products, 4th ed., Academic
Press, New York, 1965.

5. W. MAGNuS, F. OBERHETTINGER & R. P. SONI, Formulas and Theorems for the Special Functions of
Mathematical Physics, 3rd ed., Springer-Verlag, Berlin, 1966.

6. F. W. J. OLVER, Asymptotics and Special Functions, Academic Press, New York, 1974.



